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Abstract
In the present paper an attempt has been made to study the spatially
homogeneous and isotropic FRW model and axially symmetric space-
time in f(R) theory of gravity. We have obtained the solutions of the
field equations in vacuum. To find the solutions of axially symmetric
space-time we have assumed the relation between scale factor and scalar
field and also we considered that scalar expansion (θ) in the model is
proportional to shear scalar (σ). The physical behavior for both models
have been discussed by using physical parameters. The function of Ricci
scalar is investigated for these models.
Key words: f(R) theory of gravity, FRW universe, Axially symmet-
ric space-time.
1 Introduction
Nowadays the accelerating expansion of the universe has attracted much at-
tention. Cosmologist have investigated that dark energy is the most important
1
2factor behind this expansion of the universe, with the help of some observational
data like Type Ia Supernovae (SNeIa 8) (Riess et al., 1998; Perlmutter et al.,
1999), the Cosmic Microwave Background (CMB) (Bennett et al., 2003; Tegmark et al.,
2004), Large Scale Structure, Observational Hubble constant data etc. In phys-
ical cosmology, dark energy (DE) is an unknown form of energy. Though not
very dense, it is assumed that DE fills the otherwise empty space uniformly
constituting almost 68% of universal density. Even though the physical nature
of DE is still unknown, it is the most accepted hypothesis to explain the ob-
servations indicating accelerated expansion of the universe. The DE can have
three forms namely, cosmological constant (vacuum energy) model, quintessence
model and phantom model which are time dependent and depends on the values
of the EoS parameter ω (see e.g. Sahni (2004) and the references therein).
To examine the nature of DE several modified theories of gravity like f(R)
gravity, f(G) gravity, f(T ) gravity, f(R, T ) gravity have been investigated.
Among these theories f(R) gravity is an extension of Einstein’s General Rela-
tivity. Actually f(R) gravity is a family of theories in which different function
of Ricci scalar defines different theories. f(R) gravity reveals a class of theories
defined as arbitrary function of R. We can consider it as a simplest example
of Extended theories of gravity. Extended theories of gravity (alternative theo-
ries of gravity) evolved from the exact starting points probed by Einstein and
Hilbert. Extended theories of gravity proposed to change the gravitational side
of the equation Capozziello & de Laurentis (2011); Capozziello & Francaviglia
(2008); instead of discovering correct calculations for the matter side of the
Einstein field equations, which include inflation, DE, dark matter, large scale
structure and quantum gravity.
f(R) gravity was first proposed by Hans Adolph Buchdahl in 1970 (although
φ was used rather than f for the name of arbitrary function). A wide range
of phenomena can be produced from this theory by acquiring different func-
tions (S. Capozziello & Troisi, 2003; S. M. Carroll & Turner, 2004; Chiba, 2003;
Sousa & Woodard, 2004; Nojiri & Odintsov, 2003). f(R) gravity provides nat-
ural gravitational alternative to DE. f(R) theory of gravity helps us to de-
scribe the evolution of the universe. Carroll et al. (2004) explained the pres-
ence of late time cosmic acceleration of the universe in f(R) gravity. Accord-
ing to Nojiri & Odintsov (2007, 2008) a unification of the early time inflation
and late time acceleration is permitted in f(R) gravity. Paul et al. (2009) in-
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vestigated FRW models in f(R) theory of gravity. Pawar & Solanke (2015);
Pawar & Agrawal (2015) have studied Abdussattar’s model in f(R, T ) theory
of gravity. Pawar & Agrawal (2016) obtained the solutions of LRS Bianchi type
I cosmological model in the presence of DE with the help of f(R, T ) theory.
Pawar et al. (2016) have discussed axially symmetric space-time in f(R, T ) the-
ory of gravity. Agrawal & Pawar (2017); Agrawal & Pawar (2017) have exam-
ined plane symmetric and Bianchi type V cosmological models in the presence
of f(R, T ) theory of gravity. Chakrabarti & Banerjee (2014) obtained a con-
stant curvature spherically symmetric vacuum collapse in f(R) theory of grav-
ity. Shamir (2010) have solved the vacuum field equations for Bianchi type I,
III and Kantowski-Sachs space-times, in f(R) gravity. S. D. Katore & Bhaskar
(2013) presented Bianchi type V I0 cosmological model to discuss the nature of
the universe in f(R) gravity.
FRWmetric represents a homogeneous and isotropic expanding or contracting
universe. This metric is also called as, the standard model of modern cosmol-
ogy. Also the metric is an exact solution of Einstein’s field equations of GR.
Chirde & Rahate (2012) have examined spatially homogeneous isotropic FRW
cosmological model in self creation theory. Katore (2012) has explored FRW
cosmological model with strange quark matter in GR. In recent years study of
space-time symmetries is more interesting topic. These space-time have been
studied by Jain et al. (2012); Rao et al. (2009).
Motivated from the above done works, here we have studied vacuum solutions
of spatial homogeneous and isotropic flat FRW metric and axially symmetric
space-time in the presence of f(R) gravity. We have obtained the solutions of
the field equations by assuming power-law relation between scalar field F and
scale factor a. We also considered that scalar expansion (θ) is proportional to
the shear scalar (σ). In the last section physical behavior of both the models
have been discussed with the help of physical parameters.
42 f(R) Gravity Formalism
As explained above f(R) theory of gravity is the generalization of general rela-
tivity. The action for f(R) theory of gravity is given by
S =
1
2k2
∫
d4
√−gf(R) +
∫
d4xLm(gµν , ψm) (1)
here, f(R) is a general function of Ricci scalar, k2 = 8piG = 1, g is the determi-
nant of the metric gµν and Lm is the metric Lagrangian which depends on gµν
and the field ψm. It should be noted that this action is obtained just by replacing
R by f(R) in the standard Einstein-Hilbert action. Standard metric formalism
and Palatini formalism are two formalisms which are applied to derive the field
equations in f(R) gravity (Carroll & Trodden, 2006; Dolgov & Kawasaki, 2003;
Amendola & Tsujikawa, 2007a,b,c; Ruggiero & Iorio, 2007; Allemandi & Ruggiero,
2007).
Now, by varying the action (1) with respect to the metric gµν , the corresponding
field equations in f(R) gravity is given as
F (R)Rµν − 1
2
f(R)gµν − ▽µ▽νF (R) + gµνF (R) = Tmµν (2)
where
F (R) ≡ df(R)
dR
,  ≡ ▽µ▽ν (3)
▽µ is the covariant derivative and T
m
µν is the standard minimally coupled stress
energy tensor derived from the Lagrangian Lm. These are fourth order PDE’s
in the metric tensor gµν , due to the last two terms on the left hand side of the
equation.
These equations reduce to the field equations of GR if we take f(R) ≡ R.
Contracting the field eqs (2), it follows that
F (R)R− 2f(R) + 3F (R) = T (4)
In vacuum, it reduces to
F (R)R− 2f(R) + 3F (R) = 0 (5)
here, we considered the vacuum field equations (i.e. T µν = 0). By rearranging
eq (5) we get.
f(R) =
F (R)R
2
+
3
2
F (R) (6)
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this gives an important relationship between f(R) and F (R) which will be used
to solve the field equations and investigate f(R). By putting value of f(R) in
the vacuum field eqs (2) we get,
1
4
[F (R)R−F (R)] = F (R)Rµν − ▽µ▽νF (R)
gµν
. (7)
The left hand side of eq (7) is independent on the index µ thus the field equation
can be expressed as
αµ =
F (R)Rµµ − ▽µ▽µF (R)
gµµ
(8)
this equation is independent of the index µ and hence αµ−αν = 0 for all µ and
ν, where αµ is just a notation for the traced quantity.
3 FRW MODEL AND IT’S SOLUTIONS
In this section, we will find exact solutions of the FRW space-time in f(R)
gravity. For the sake of simplicity, we take the vacuum field equations.
3.1 FRW Space-time
We consider the spatial homogeneous and isotropic flat Friedmann-Robertson-
Walker(FRW) space-time
ds2 = −dt2 + A2(t)dx2, (9)
where A is a function of cosmic time t. Khandai (2008) have briefly reviewed
the Friedmann equations of standard model of cosmology. R.L.Naidu & Reddy
(2013) have obtained a spatially homogeneous and isotropic FRW viscous fluid
cosmological model in f(R, T ) gravity. Myrzakulov (2012) have studied the M37
- model and presented its action, Lagrangian and equations of motion for the
FRW metric case in f(R, T ) theory. The corresponding Ricci scalar curvature
for flat FRW model is given by
R = 6


(
A˙
A
)2
+
(
A¨
A
)
 , (10)
6where (.) represent derivative with respect to time t. We define the average
scale factor a as
a =
3
√
A3 ⇒ a = A, (11)
and the volume scale factor as
V = a3 = A3. (12)
The generalized mean Hubble parameter H is defined as,
H =
1
3
(H1 +H2 +H3) , (13)
where, H1 = H2 = H3 =
A˙
A
are the directional Hubble parameters in the
directions of the x, y and z-axes, respectively. Using eqs (11) to (13) we get,
H =
1
3
V˙
V
=
1
3
(H1 +H2 +H3) =
a˙
a
. (14)
The expansion scalar θ is defined as
θ = 3H = H1 +H2 +H3 =
3A˙
A
, (15)
whereas the anisotropy parameter of the expansion ∆ and shear scalar σ are
defined as
∆ =
1
3
3∑
i=1
(
Hi −H
H
)2
, (16)
σ2 =
1
2
[
3∑
i=1
H2i − 3H2] =
3
2
∆H2, (17)
where Hi denotes the directional Hubble parameters in the directions x, y and z
axes respectively. Since eq (7) does not depend on index µ thus, from αµ−αν = 0
for all µ and ν we can get the corresponding field equations in f(R) theory of
gravity for the metric (9) with the help of eq (8) as(
F¨
F
)
+
(
A˙F˙
AF
)
+ 2
(
A˙
A
)2
− 2
(
A¨
A
)
= 0, (18)
where overhead dot (.) denotes derivative with respect to time t. Eq (18) is the
non-linear differential equation with two unknowns A and F .
f(R) theory of gravity 7
3.2 Solution of the Field Equations
In order to solve above equation we have used the relation between scalar field F
and scale factor a. Johri & Desikan (1994) has already been used the power-law
relation between scale factor and scalar field in the context of Robertson-Walker
Brans-Dicke models. However, in a recent paper Uddin et al. (2007) have found
a result in the reference of f(R) gravity which shows that
F ∝ am, (19)
where m is an arbitrary constant. Thus using power-law relation between F
and a, we have
F = ham, (20)
where h is the constant of proportionality and m is any integer, hence it can
have any integer value. For the present study, we chose the special case of
m = 3 to simplify our calculations. Similar approach have been used by various
authors for instance Sharif & Shamir (2009) have considered a case of m = −2
and Katore & Hatkar (2016) considered special case of m = −4. In particular
for m = 3, eq (11) and (20) gives,
F = hA3, (21)
The deceleration parameter q in cosmology is the measure of the cosmic accel-
eration of the universe expansion and is defined as
q = − a¨a
a˙2
. (22)
Putting value of (21) in (18) and after solving we get,
A = (c1t+ d1)
1
12 , (23)
where c1, d1 are constants of integration. From eq (21) and (23) we get
F = h(c1t+ d1)
1
4 . (24)
3.3 Some Physical Parameters
In this section we will discuss the physical behavior of the model with the help
of some physical parameters like Hubble parameter H, volume V, shear scalar
8σ, scalar expansion θ, etc. as follows.
Using eq (23) the mean Hubble parameter and directional Hubble parameters
in the direction of x, y, and z-axis are given as
H = H1 = H2 = H3 =
1
12
(c2t+ d2)
−1. (25)
Substituting value of A from eq (23) into (12) we get the required volume. The
volume V of the universe is given by
V = (c1t+ d1)
1
4 . (26)
We know relation between θ and Hubble parameter H as θ = 3H , thus the
expansion scalar θ is given by,
θ =
1
4
(c2t+ d2)
−1. (27)
Substituting eq (23) in eqs (16) and (17), we get the values of the mean
anisotropy parameter △ and the shear scalar σ respectively as
△= 0, (28)
and
σ = 0. (29)
After solving eq (22) we get the deceleration parameter as
q = 11 = constant. (30)
From eq (10) and eq (23) the Ricci scalar for FRW model is given by
R =
5c21
12
(c1t+ d1)
−2. (31)
Substituting eq (31) in (6) we derived the function of Ricci scalar f(R) as
f(R) =
19
48
h(c1)
2(c1t + d1)
−7
4 . (32)
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3.4 Discussion for FRW Space-time:-
Few important cosmological physical parameters for the solutions such as Hub-
ble’s parameter (H), expansion scalar (θ), volume (V ), deceleration parameter
(q), Ricci scalar (R) and function of Ricci scalar (f(R)) are evaluated for this
model. In this case, except the deceleration parameter, all above explained pa-
rameters are function of time (t). The expansion scalar (θ) gives the rate of
expansion or contraction of the model and θ → 0 as t→∞. Hence the universe
is expanding with slow rate with increase in time. However, mean Hubble’s
parameter (H) and Hubble’s parameters in the direction of x, y and z axis have
finite value as t→ 0 and H → 0 when t→∞, it reveals that depending on the
signature of the parameter, the rate of expansion is accelerated or decelerated.
The spatial volume (V ) is finite at initial epoch and it increases with increase
in cosmic time. The anisotropic parameter (△) and shear scalar sigma (σ) are
vanished. lim
t→∞
(
σ
θ
)2
= 0, which shows that the model is isotropic throughout
the evolution of the universe.
4 AXIALLY SYMMETRIC SPACE-TIME
AND IT’S SOLUTIONS
4.1 Axially symmetric space-time
We consider axially symmetric space-time as,
ds2 = dt2 − A2 [dχ2 + α2(χ)dφ2]−B2dz2, (33)
where A and B are functions of cosmic time t alone and α is function of χ. The
corresponding Ricci scalar curvature for axially symmetric space-time is given
by,
R = 2
[
− α11
A2α
+
A˙2
A2
+ 2
A¨
A
+
B¨
B
+ 2
A˙B˙
AB
]
. (34)
Since eq (8) does not depend on index µ. So from αµ − αν = 0 for all µ and ν,
we can get the corresponding field equations in f(R) theory of gravity for the
10
metric (33) with the help of eq (8) as
A¨
A
+
B¨
B
− F¨
F
+
α11
A2α
− A˙B˙
AB
− A˙
2
A2
+
A˙F˙
AF
− F11
FA2
= 0, (35)
A¨
A
+
B¨
B
− F¨
F
+
α11
A2α
− A˙B˙
AB
− A˙
2
A2
+
A˙F˙
AF
− F1α1
αA2F
= 0, (36)
2
A¨
A
− F¨
F
− 2A˙B˙
AB
+
B˙F˙
BF
= 0, (37)
where overhead (.) represent the derivative with respect to time t and suffix 1
denote the derivative with respect to χ.
4.2 Solutions of The Field Equations
Now on subtracting (37) from (35), we obtain
−α11
A2α
+
A˙2
A2
+
A¨
A
+
F11
FA2
− A˙F˙
AF
− B¨
B
− A˙B˙
AB
+
B˙F˙
BF
= 0. (38)
The function dependence of the metric together with (35) and (36) will imply
α11
α
= ξ2, (39)
where ξ is constant. If ξ = 0 then α(χ) = c1χ+c2, χ > 0, c1 and c2 are constants
of integration. For the sake of simplicity take c1 = 1 and c2 = 0. Hence we get
α(χ) = χ.
With the help of eq (39), eq (38) will reduce to
A¨
A
− B¨
B
+
A˙
A
(
A˙
A
− B˙
B
)
− F˙
F
(
A˙
A
− B˙
B
)
+
F11
FA2
= 0. (40)
We will solve eq (40) by using power law relation given in eq (20) above. Hence
we can write eq (20) as
F = z0a
m, (41)
where z0 is the constant of proportionality. The scale factor a is defined as
V = v0a
3, (42)
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without loss of generality take v0 = 1 and V is the volume. In a special case we
assume m = 3, which implies
F = z0A
2B, (43)
which gives
F˙
F
=
2A˙
A
+
B˙
B
,
F11
F
= 0. (44)
Hence eq (40) will imply
A¨
A
− B¨
B
+
A˙
A
(
A˙
A
− B˙
B
)
− F˙
F
(
A˙
A
− B˙
B
)
= 0. (45)
Now
A¨
A
=
d
dt
(
A˙
A
)
+
(
A˙
A
)2
, (46)
and
B¨
B
=
d
dt
(
B˙
B
)
+
(
B˙
B
)2
. (47)
Put the values from eq (46) and (47) in (45) and solve we get.
A
B
= exp(kt + k1), (48)
where k, k1 are constants of integration. Consider expansion scalar θ is propor-
tional to the shear scalar σ which yields A = Bn. Thus eq (48) gives values of
A and B as
A = exp
(
n(kt+ k1)
n− 1
)
, n 6= 1, (49)
and
B = exp
(
kt+ k1
n− 1
)
, n 6= 1. (50)
Eqs (43), (49) and (50) will gives value of F as
F = z0exp
(
(2n+ 1)(kt+ k1)
n− 1
)
, n 6= 1. (51)
12
4.3 Some Physical Parameters
In this section we will discuss physical properties of the model. From (33) the
volume V of the model is given as
V = A2B, (52)
hence obtained volume V is
V = exp
(
(2n+ 1)(kt+ k1)
n− 1
)
. (53)
The directional Hubble parameters in the direction of χ, φ and z are given as
Hχ = Hφ =
A˙
A
, Hz =
B˙
B
and obtained as
Hχ = Hφ =
nk
n− 1 , (54)
and
Hz =
k
n− 1 . (55)
Using eqs (54) and (55) the mean Hubble parameter of the model is
H =
k(2n+ 1)
3(n− 1) . (56)
The scalar expansion θ of the model is
θ =
k(2n+ 1)
n− 1 , (57)
where as the anisotropy parameter of expansion is obtained as
∆ =
2(n− 1)2
(2n+ 1)2
. (58)
Shear scalar σ of the model is
σ2 =
k2
3
. (59)
Again here from (22) the deceleration parameter is found to be
q = −1. (60)
f(R) theory of gravity 13
Ricci scalar R of the model is given as
R =
2k2 [n(3n+ 2) + 1]
(n− 1)2 . (61)
The function of Ricci scalar f(R) is given as
f(R) =
z0k
2(15n2 + 14n+ 4)
(n− 1)2 e
(2n+1)(kt+k1)
n−1 . (62)
4.4 Discussion for Axially Symmetric Space-time:-
In this section we explain physical behavior of the model with the help of few
physical parameters. For this model the average scale factor is found to be
a = exp
(
(2n+1)(kt+k1)
3(n−1)
)
. As the exponential function never vanish for any value
of t, thus obtained model is non-singular. The directional Hubble’s parameters
in the direction of χ, φ and z axis and mean Hubble’s parameter (H) are found
to be constant, which implies that dH
dt
= 0. So for the larger value of Hubble’s
parameter, the expansion rate of the universe get increases. Shear scalar (σ),
scalar expansion (θ) and anisotropy parameter (△) are constant throughout the
evolution of the universe. The spatial volume (V ) of the universe is finite when
t → 0 and it becomes infinite as t → ∞. The expression lim
t→∞
(
σ
θ
)2 6= 0, which
reveals that the obtained model is anisotropic.
5 Conclusions
We have derived physical and geometrical properties of both the models in f(R)
theory of gravity. For FRW space-time we have obtained power law expansion
model whereas for axially symmetric space-time we obtained exponential expan-
sion model. We have deciphered solutions by using power law relation between
scale factor a and scalar field F for both the space-time. In order to obtain
the solutions of axially symmetric space-time we have assumed that expansion
scalar (θ) is proportional to the shear scalar (σ) that gives the relation between
the metric coefficients A and B as A = Bn, where n is arbitrary constant. Ax-
ially Symmetric model is non-singular i. e. there does not exist any physical
singularity for this model. It reveals that the universe starts its expansion with
14
finite volume. Also the negative value of the deceleration parameter indicates
that the present universe is accelerating. FRW model approaches to isotropy
and in this case the value of scale factor is a = (c1t + d1)
1
12 , which vanishes at
ts =
−d1
c1
. For this model the universe is decelerating.
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